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We propose a powerful and convenient method to systematically design flat band lattice models,
which overcomes the difficulties underlying the previous method. Especially, our method requires
no elaborate calculations, applies to arbitrary spatial dimensions, and guarantees to result in a
completely flat ground band. We use this method to generate several classes of lattice models,
including models with both short- and long-range hoppings, both topologically trivial and non-
trivial flat bands. Some of these models were previously known, however, our method provides
crucial new insights. For example, we reproduced and generalized the Kapit-Mueller model [Kapit
and Mueller, Phys. Rev. Lett. 105, 215303 (2010)] and demonstrated the universal scaling rule
between the flat band degeneracy and the magnetic flux that was not noticed in previous studies.
Tight-binding lattice models that support flat bands
[1], i.e., with single-particle energy dispersion E(k) inde-
pendent of momentum k, are of great importance. The
quenched kinetic energy and the associated macroscopic
degeneracy in a flat band makes the system extremely
sensitive to perturbations. In particular, in a many-body
setting, interaction between particles in the flat band, no
matter how weak it is, can result in strong correlations
and exotic quantum phases. This is exactly what hap-
pens in, for example, fractional quantum Hall systems
[2–4], where the underlying single-particle spectrum fea-
tures flat Landau levels. It is therefore important to
understand what model Hamiltonians can support flat
bands and, conversely, how one can systematically de-
sign models supporting flat bands.
One feature of a flat lattice band is that one can super-
impose Bloch states on the flat band to make localized
states which remain as eigenstates on the same band.
The localized states that occupy fewest cells are called
compact localized states (CLSs) [5–9]. Using CLSs as
generators, one can devise a systematic way of construct-
ing flat band models. The basic idea is to choose some
proper localized state as a CLS and then solve an inverse
eigenvalue problem to find the family of Hamiltonians
with the chosen CLS as eigenstate. This method, how-
ever, suffers from several difficulties. First, the inverse
problem may not have a solution if the choice of the ini-
tial localized state is not appropriate. Second, informa-
tion about the band spectrum cannot be obtained readily.
In particular, one cannot know a priori whether the flat
band is a ground or an excited band. Third, the inverse
problem is in general computationally cumbersome, par-
ticularly for spatial dimensions larger than one. Only
very recently, the complete flat band generators on one
dimensional (1D) lattice was found [7], but its general-
ization to higher dimensions is not straightforward. It
is thus highly desirable to develop a more powerful and
convenient method of generating flat band models.
In this paper, we will present such a new method based
on the simple mathematical properties of Gram matrices.
Our method overcomes all the problems listed above: it
does not involve in solving any inverse problems; it works
for arbitrary dimensions; and it guarantees to generate
models whose lowest-energy band is completely flat. In
the following, we will first describe the principles of our
method and then present several examples to demon-
strate its usage.
A Gram matrix, G ≡ T †T , can be defined by a lin-
ear transformation T from space V to space V ′, thus G
can be regarded as the pullback of the inner product in
V ′ to V by T (For an alternative interpretation of the
Gram matrix, see Supplemental Material [10]). Specifi-
cally, given a basis {|vi〉}Ni=1 of the N -dimensional space
V , the ith column of the T matrix is the image of |vi〉,
|v′i〉 := T |vi〉, so the matrix element of G is the inner
product 〈vi|G|vj〉 = 〈v′i|v′j〉. If the set of vectors {|v′i〉}Ni=1
are linearly independent, then G is positive definite; oth-
erwise, G would be singular and possess zero eigenvalues,
the number of which equals the dimension of the kernel
of T . If the dimension of V ′, N ′, is less than N , then the
set {|v′i〉}Ni=1 is necessarily linearly dependent, and the
number of zero eigenvalues that G possesses is at least
N −N ′.
This simple property serves as the basic principle un-
derlying our method. Up to a shift of energy making its
ground state energy zero, a Hamiltonian can always be
written as H ≡ T †T and be interpreted as a Gram ma-
trix. Now T is a linear transformation from the Hilbert
space to an auxiliary space. For example, consider an n-
band lattice model in d spatial dimension whose Hilbert
space is spanned by the basis |R; i = 1, 2, . . . , n〉, where
R =
∑d
j=1 xjej , with xj ∈ Z, denotes the position of
the unit cells. Each unit cell contains n internal sites la-
belled by i. We can choose the orthonormal basis of the
auxiliary space as |R; i = 1, 2, . . . , n′〉aux which has the
same number of unit cells at the same locations as in the
Hilbert space, but each unit cell in the auxiliary space
contains n′ internal sites with n′ < n in order that H
possesses (n− n′) bands with energy zero. The mapping
from the Hilbert space to the auxiliary space through T
is given by
T |R; i〉 =
∑
R′
n′∑
i′=1
T i
′,i
R′,R |R′; i′〉aux . (1)
We consider translationally invariant models such that
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R = H, where UR is the unitary translation oper-
ator in the Hilbert space: UR′ |R; i〉 :=
∣∣R + R′; i〉, then
T can also be made translationally invariant such that
U ′RTU
′†
R = T , where U
′
R is the corresponding translation
operator in the auxiliary space [11]. In this case, the
matrix elements of T satisfy T i,i
′
R,R′ = T
i,i′
0,R′−R. This ar-
gument can be applied to other symmetries of H. Thus
we transfer the symmetries of H to T .
Now, a flat band model can be simply generated by
writing down an arbitrary matrix T i,i
′
0,R without requiring
a valid CLS and it works equally well for any spatial di-
mension d. If we want H to contain finite-range hopping
terms only, then we just require T i,i
′
0,R to be finite-range.
In the following, we will present several specific examples.
Our first example concerns a model in d-dim with
fewest number of hopping terms. The Hilbert space is
spanned by basis states |R; j = 1, 2, ..., d+ 1〉, and the
auxiliary space by |R; j = 1, 2, ..., d〉aux. The T matrix
defining the mapping between the two is given by
T |R; 1〉 =
d∑
j=1
(
aj |R; j〉aux + bj |R + ej ; j〉aux
)
,
T |R; i〉 = |R; i− 1〉aux , i = 2, 3, . . . , d+ 1,
where aj , bj ∈ C. The corresponding Hamiltonian is
given by
H =
∑
R
[
d∑
i=1
(
|ai|2+
∣∣b2i ∣∣) |R; 1〉〈R; 1|+ d+1∑
i=2
|R; i〉〈R; i|
]
+
∑
R
d∑
i=1
[
ai |R; i+ 1〉 〈R; 1|+bi |R + ei; i+ 1〉 〈R; 1|
+ a∗i bi |R + ei; 1〉 〈R; 1|+h.c.
]
. (2)
The underlying lattice is the Tasaki’s lattice (examples
in 1D and 2D are presented in Fig. 1(a) and (b), re-
spectively), and the hopping amplitudes in the origi-
nal Tasaki’s Hamiltonian [12] represents a special case
of Eq. (2) with ai = bi = 1/λ. This Hamiltonian has
n = d + 1 bands. Since each unit cell in the auxiliary
space has n′ = d internal sites, H possesses n − n′ = 1
zero-energy band, the CLSs of which can be found as
∣∣ψ0R〉= |R; 1〉 − d∑
i=1
(ai |R; i+1〉+ bi |R + ei; i+1〉) . (3)
Besides the flat ground band, this model possesses (d−1)
additional flat bands at energy one, whose CLSs are∣∣ψiR〉=a∗i+1 |R; i+1〉+ b∗i+1 |R− ei+1; i+1〉 (4)
− a∗i |R; i+2〉 − b∗i |R− ei; i+2〉 , (i=1, ..., d−1)
The existence of these energy one bands can be under-
stood from the connectivity of the lattice. Let us group
|R; 1〉 as sublattice A, and |R; i = 2, .., d+ 1〉 as sublat-
tice B. Hamiltonian (2) shows that the sites in sublattice
B have a uniform on-site energy EB = 1, and there is no
direct hopping between any two sites within sublattice
B. Each unit cell contains one site in sublattice A, and d
sites in B. As a result, one can construct d−1 states using
sites in B that are decoupled to sublattice A, in analogy
with the concept of dark state in quantum optics. Such
states are represented by Eq. (4), which form the (d− 1)
flat bands with energy EB = 1. Finally, there exists a
dispersive top band with energy Ek = 1 +
∑d
i=1
∣∣αik∣∣2
where αik := ai + bi exp (−ik · ei). The corresponding
eigenstate is
∣∣ψdk〉 = (Ek − 1) |k; 1〉 +∑di=1 αik |k; i+ 1〉,
where |k; i〉 := ∑R eik·R |R; i〉.
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FIG. 1. (Color online) Tasaki lattice in 1D (a) and 2D (b) gov-
erned by Hamiltonian (2). Bipartite lattice in 1D (c) and 2D
(d) governed by Hamiltonian (5). Rectangular boxes repre-
sent unit cells, with internal sites labelled by circled numbers.
Solid lines represent non-zero hoppings starting from a single
cell. Duplicated hopping terms are marked by dashed lines.
In the above model, if we take away the hopping be-
tween |R; 1〉 and |R + ei; 1〉, we obtain the d-dim Lieb
lattice, which is bipartite as the hopping only occurs be-
tween different sublattices. In such a model, the (d− 1)
energy-one flat bands still remain as they are not af-
fected by the modification of hopping with sublattice
A. The ground band, however, becomes dispersive. We
now demonstrate how to construct d-dim bipartite lattice
models with flat ground band. To this end, we choose the
following T matrix:
T |R; 1〉 = cd+1 |R; d+ 1〉aux +
d∑
j=1
cj |R + ej ; j〉aux ,
T |R; i〉 =
d+1∑
j=1
ui−1,j |R; j〉aux , i = 2, 3, . . . , d+ 2,
where cj ∈ C and ui,j is a unitary matrix. The resulting
3Hamiltonian is given by:
H =
∑
R
d+1∑
i=1
|ci|2 |R; 1〉 〈R; 1|+
∑
R
d+2∑
i=2
|R; i〉 〈R; i|
+
∑
R
d+1∑
i=1
[
u∗i,d+1cd+1 |R; i+ 1〉 〈R; 1|
+
d∑
j=1
u∗i,jcj |R + ej ; i+ 1〉 〈R; 1|+ h.c.
]
, (5)
The lattice connectivity in 1D and 2D are illustrated in
Fig. 1(c) and (d), respectively. The bipartite nature can
be easily seen if one group |R; 1〉 as sublattice A with
onsite energy EA =
∑d+1
i |ci|2 , and |R; i = 2, .., d+ 2〉 as
sublattice B with onsite energy EB = 1. This is a (d+2)-
band model. Following a very similar analysis as above,
we can see that it consists of a flat ground band with
energy zero, and d flat bands with energy EB = 1. It has
been shown that in such a bipartite lattice, the highest
band must be the reflection of the lowest band by the line
of the averaged onsite energy of the two sublattices [13],
so the top band in this model is also flat and has energy
EA + EB = 1 +
∑d+1
i |ci|2. Thus we have constructed
a model with the remarkable feature that all its bands
are flat. Such models are difficult to construct using the
previous CLS-based method, which can only guarantee
one flat band.
The above models all feature finite-range hopping. The
resulting flat bands are necessarily non-topological with
zero Chern number. This is due to a theorem [14] which
states that the following three conditions concerning a
band cannot be simultaneously satisfied: (1) Being flat;
(2) Having a non-zero Chern number; (3) The Hamil-
tonian is finite-range. To create a flat band with finite
Chern number, it is then necessary to construct a model
with infinite-range hopping amplitudes. In the follow-
ing, we will construct a model that supports a ground
topological flat band using the Gram matrix built upon
a subset of coherent states.
A coherent state |z〉 is an eigenstate of a bosonic anni-
hilation operator with complex eigenvalue z. The full set
of coherent states form an overcomplete basis. Perelo-
mov [15] studied the completeness of a countable subset
of coherent states. Define zm,n := mω1 + nω2, m,n ∈ Z,
ω1, ω2 ∈ C, S := Imω∗1ω2 > 0. zm,n’s form a 2D lat-
tice on the complex plane whose unit cell area is S. We
collect the set of coherent states {|zm,n〉}. If S ≤ pi, the
set represents an overcomplete basis. If S > pi, the set
is incomplete. If S = pi, we can take away any one of
the |zm,n〉’s from the set, and the remaining states form
a complete basis.
Now, we consider a linear transformation T that maps
sites |m,n〉’s on a 2D lattice to the coherent states
|zm,n〉’s:
T |m,n〉 = |zm,n〉 . (6)
In other words, the columns of the T matrix are formed
by |zm,n〉’s. The matrix elements of the HamiltonianH =
T †T are therefore the inner product of coherent states:
〈m′, n′|H |m,n〉 = 〈zm′,n′ |zm,n〉
= e−|zm,n−zm′,n′ |
2
/2+iIm z∗
m′,n′zm,n . (7)
It describes a fully connected 2D lattice under a magnetic
field, and the flux per unit cell is 2S. It reduces to the
Kapit-Mueller model [16] when zm,n’s form a square lat-
tice, and to the Hofstadter model [17] by further taking
the limit S →∞.
The flat band in the Kapit-Mueller model was under-
stood as the discrete version of the lowest Landau lev-
els (LLLs) [18], and the model can be constructed us-
ing a projection method [19] which is analogous to the
inverse method by treating the LLLs as CLSs. How-
ever, from our construction, it immediately becomes clear
that the emergence of the flat ground band is guaran-
teed by the properties of the Gram matrix and the (over-
)completeness of the coherent states. When S > pi, the
set of coherent states on lattice are linearly independent,
and the smallest eigenvalue of the resulting H must be
positive. When S = pi, the set becomes complete if we
take away any one of the states, so H has a single zero
eigenvalue. When S < pi, we have 1/S states per unit
area on the complex plane, while only 1/pi states per
unit area are needed to construct a complete basis, so a
fraction of ρ ≡ 1 − S/pi eigenvalues of H must be zero.
That the degeneracy of the ground band follows a univer-
sal scaling behavior — in the sense that it only depends
on S and is completely independent of the lattice geom-
etry — is one of the most elegant features of this model
that was not noticed in the previous studies. As we will
see, it is more convenient to interpret S, instead of as the
unit cell area, as the averaged area on the complex plane
occupied by each coherent state, because the relation be-
tween S and the completeness extends beyond the cases
that Perelomov studied.
We carry out numerical calculation to verify the uni-
versal scaling rule between the degeneracy and S. We
choose N coherent states distributed in a square region
on the complex plane, where N is large but finite (typi-
cally, N ∼ 3× 103), and numerically diagonalize the cor-
responding Gram matrix H to find the density of states
as a function of S and the energy E. In Fig. 2(a)-(c), we
display the spectrum for several distinct lattice geometry:
square lattice, triangular lattice, and honeycomb lattice.
The positive-energy part of the spectrum forms a Hofs-
tadter butterfly, whose specific pattern depends on the
lattice geometry. The universal feature for these differ-
ent lattices is, however, the massively degenerate ground
states at zero energy when S < pi. Remarkably, this flat
ground band exists even when the coherent states has
a random distribution over the whole region (we specify
a lower bound on the distances between sites to ensure
that no two sites are too close together in order to ex-
clude trivial zero eigenvalues of the Gram matrix) as we
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FIG. 2. (Color online) (a)-(d) Spectrum of HS for a Square
lattice (a), Triangular lattice (b), Honeycomb lattice (c), and
Random lattice (d). The color map represents (D+ 1) where
D(E) =
∑
n δ(E−En) is the density of states, with En being
the nth eigenvalue of HS . In the calculation, the Dirac δ-
function is replaced by a smooth narrow distribution function.
S is the averaged area per state. (e) We count N0, the number
of eigenenergy that is less than 10−5, and compare the ratio
N0/N with the theoretical value ρ marked by the line, where
ρ = max(1− S/pi, 0).
show in Fig. 2(d). Although in this random lattice case,
the positive-energy butterfly pattern is no longer there.
As mentioned earlier, the degeneracy of the ground
band is given by ρN = (1 − S/pi)N , which should be
a universal feature independent of the lattice geometry.
In Fig. 2(e), we plot the numerically obtained fraction
of zero-energy states as a function for S. Results from
all four lattice geometries show excellent agreement with
the theoretical prediction. The small discrepancies can
be attributed to the finite size effect. In Fig. 2(a)-(d), we
see a gap between the zero-energy and the positive-energy
states, which increases as S decreases and diverges when
S → 0. This can be easily understood as follows: Since
Tr [H] = N which is the sum of the positive eigenenergies,
the averaged energy of the excited states should be pi/S
when S < pi according to the degeneracy of the ground
states.
Using a more general singlet sum rule [20] proved by
Perelomov [15]:∑
m,n
(−1)m+n+mn e−|αm,n|
2
2 +αm,nz ≡ 0 , (8)
where z is an arbitrary complex number and αm,n’s build
an arbitrary lattice whose unit cell area is pi, we can show
[10] that the wave function of the CLS in the ground band
takes the universal form (S < pi):
〈m,n|ψ〉 = (−1)m+n+mn e−pi/S−12 |zm,n|2 . (9)
Ignoring the phase factor (−1)m+n+mn, Eq. (9) takes the
same form as the wave function of a LLL describing a par-
ticle with charge Q confined in the (x, y)-plane subjected
to a perpendicular magnetic field with strength B:
ψLLL (x, y) = e
−QB(x2+y2)/4~ . (10)
Also, just like the LLL, the ground band is topological
with Chern number 1. If the nondimensionalization is
done by setting Q, 2pi~, and the unit cell area of the
lattice formed by |m,n〉’s [21] as 1, then by comparing
the exponents in Eqs. (9) and (10), we find that the de-
generacy of the flat band per site ρ can be regarded as
the effective magnetic field for |ψ〉, which is different from
the true flux 2S. Moreover, it is this effective field, rather
than the true flux, that plays a role in the Hall dynamics
of |ψ〉. Given a constant electric field E , the Hall ve-
locity of |ψ〉 is E /ρ, because the Hall conductivity is 1.
Similarly, the Hall velocity for ψLLL is E /B. The Hall
dynamics of |ψ〉 can be verified numerically [10].
The universal scaling rule can also be verified us-
ing an analytical approach. Consider the case when ρ
is rational, taking S = ppi/q where p, q are co-prime
positive integers. After a local gauge transformation
|m,n〉 → e−imnS |m,n〉 and then a Fourier transforma-
tion, H can be reduced to a q-band Bloch Hamiltonian
hp,q (k, l), where k, l are pseudo momenta defined in the
range − 1q < k ≤ 1q , −1 < l ≤ 1. The explicit matrix
elements of hp,q are given by:
hp,qm′,m=
∑
r,s
exp
{−|zqr+m−m′,s|2/2 + ipi[k(qr +m−m′)
+ (l + (m+m′)pq)s− prs]}, (m,m′ = 1, 2, ..., q)
The universal scaling requires that q−p out of q eigenval-
ues of hp,q are zero, which can be proved analytically for
h1,q when zm,n’s form a rectangular lattice. On a rectan-
gular lattice, hp,q can be expressed by Jacobi θ-functions.
It turns out h1,q has to be a rank-one matrix as a result
of the sum rules of Jacobi θ-functions (See Ref. [10] for
details). Here we provide explicit results for q = 2, for
which the 2 × 2 matrix h1,2 can be expressed using the
Pauli matrices σ(i)’s: h1,2 = c0 +
∑3
i=1 ciσ
(i), with
c0 = θ3 (k; iξ) θ3
(
l; iξ−1
)
, c1 = θ2 (k; iξ) θ4
(
l; iξ−1
)
,
c2 = θ1 (k; iξ) θ1
(
l; iξ−1
)
, c3 = −θ4 (k; iξ) θ2
(
l; iξ−1
)
,
where ξ is the aspect ratio of the rectangular lattice cell.
The vanishing of the smaller eigenvalue of h1,2 for any
momenta k and l results from the identity c20 =
∑3
i=1 c
2
i
and gives rise to the flat ground band. The calculation
5of the eigenstates of h1,2 is elementary. With the eigen-
states at our disposal, it can be readily confirmed that
the Chern number is indeed 1 [22].
In conclusion, we have proposed a powerful method of
constructing lattice models supporting flat bands. The
method is based on the mathematical properties of Gram
matrices. It does not require any elaborate calculations
such as solving the inverse eigenvalue problem, works for
arbitrary spatial dimensions, and guarantees to produce
a flat ground band. We have presented a variety of ex-
amples, including both short- and long-range hopping,
topologically trivial and nontrivial flat bands. Specifi-
cally, we have constructed the d-dim Tasaki lattice, a
d-dim bipartite lattice whose bands are all flat, and the
generalized Kapit-Mueller lattice whose flat ground band
features universal (i.e., geometry-independent) behavior.
Over the past few years, we have witnessed rapid progress
in realizing lattice models in synthetic materials, partic-
ularly synthetic dimensions, in both atomic [23–32] and
photonic [33–43] systems, where the lattice sites are rep-
resented by different atomic states or photonic modes,
respectively. Nearly arbitrary hopping amplitudes can be
realized in such systems. Realizing the flat band models
constructed using our method with synthetic materials
should pose no essential difficulties.
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Supplemental Material: Building Flat-Band Lattice Models from Gram Matrices
Youjiang Xu and Han Pu
Department of Physics and Astronomy, and Rice Center for Quantum Materials,
Rice University, Houston, Texas 77251-1892, USA
In this Supplemental Material, we provide further technical details.
I. THE BASICS OF GRAM MATRIX
In order to construct flat band lattice models, we define the Gram matrix, G := T †T , through a linear transformation
T in the main text. Here we give an alternative definition. Given a set of vectors |νn〉’s, n = 1, 2, 3, ..., which are
regarded as the images of T in the main text, and their inner product 〈·|·〉, the corresponding Gram matrix G is given
by
Gm,n := 〈vm|vn〉 .
G is hermitian and semi-positive definite, because any quadratic form
∑
m,n x
∗
mGm,nxn gives the norm of the vector∑
n xn |vn〉.
G can be diagonalized by a unitary matrix U , Gm,n =
∑
l Um,lλlU
∗
n,l. The eigenvalues λl can be geometrically
interpreted as a weight of projection. To see that, define orthonormal basis
|un〉 :=
∑
m
Um,n |vm〉 /
√
λn
If we project |vn〉 onto the space spanned by {|um〉 |m ∈M}, then the norm ρ(M)n of the projected |vn〉 satisfies∑
n
ρ(M)n =
∑
n
∑
m∈M
|〈vn|um〉|2
=
∑
n
∑
m∈M
∣∣∣∣∣∑
k
Uk,mGn,k/
√
λm
∣∣∣∣∣
2
=
∑
n
∑
m∈M
|Un,m|2 λm
=
∑
m∈M
λm
Consequently, the dimension of G equals the number of zero eigenvalues of G plus the dimension of the space spanned
by |νn〉’s.
II. THE ZERO-ENERGY WAVE FUNCTIONS IN THE GENERALIZED KAPIT-MUELLER MODEL
Here we derive the explicit form of the zero-energy states of the generalized Kapit-Mueller model when S < pi. The
Hamiltonian H is given in Eq. (7) in the main text. Suppose zm,n’s build a lattice whose unit cell area is S (S < pi),
and αm,n :=
√
pi/S zm,n therefore build a lattice with unit cell area pi. To prove that the following wave function
〈
m,n|ψ(j)z
〉
:= (−1)m+n+mn (zm,n − z)j exp
(
−pi/S − 1
2
|zm,n − z|2 − pi/S − 1
2
(
z∗m,nz − zm,nz∗
))
,
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2j = 0, 1, 2, . . . , and z ∈ C, is an eigenstate of H with eigenvalue zero, we apply H on
∣∣∣ψ(j)z 〉 and get〈
m′, n′|H|ψ(j)z
〉
=
∑
m,n
exp
(
− |zm,n − zm′,n′ |2 /2 + i Im z∗m′,n′zm,n
)
× (−1)m+n+mn (zm,n − z)j exp
(
−pi/S − 1
2
|zm,n − z|2 − pi/S − 1
2
(
z∗m,nz − zm,nz∗
))
∝
∑
m,n
(zm,n − z)j exp
(
−pi/S
2
|zm,n|2 − 1
2
|zm′,n′ |2 +
(
z∗m′,n′ + (pi/S − 1) z∗
)
zm,n
)
∝
∑
m,n
(
αm,n −
√
pi/Sz
)j
exp
(
−1
2
|αm,n|2 +
√
S
pi
(
z∗m′,n′ + (pi/S − 1) z∗
)
αm,n
)
=
j∑
k=0
j!
k! (j − k)!
(
−
√
pi/Sz
)j−k
f (k)
(√
S
pi
(
z∗m′,n′ + (pi/S − 1) z∗
))
where f (k) (z) := d
k
dzk
f (z) and
f (z) :=
∑
m,n
(−1)m+n+mn exp
(
−|αm,n|
2
2
+ αm,nz
)
However, Perelomov has proved that f(z) = 0 for arbitrary z [Theor. Math. Phys. 6, 156 (1971)]. As a result, we
have 〈
m′, n′|H|ψ(j)z
〉
= 0
In other words,
∣∣∣ψ(j)z 〉 is an eigenfunction of H with eigenvalue 0. When z = j = 0, ∣∣∣ψ(j)z 〉 reduces to Eq. (9) in the
main text.
III. ANALYTICALLY VERIFYING THE DEGENERACY OF THE ZERO-ENERGY BAND OF THE
GENERALIZED KAPIT-MUELLER MODEL
Consider the case S = ppi/q where p, q are coprime positive integers. The translational symmetry of H is manifested
when we apply gauge transformation |m,n〉 → exp (∓imnS) |m,n〉
〈m′, n′|H|m,n〉 = exp
(
−1
2
|zm−m′,n−n′ |2 + i Im z∗m′,n′zm,n
)
= exp
(
−1
2
|zm−m′,n−n′ |2 − iS (mn′ −m′n)
)
→ exp
(
−1
2
|zm−m′,n−n′ |2 − iS (mn′ −m′n∓mn±m′n′)
)
= exp
(
−1
2
|zm−m′,n−n′ |2 ± ipi (m±m′) (n∓ n′) p/q
)
If we choose the upper sign, the transformed H is invariant under the translations, |m〉 → |m+ q〉 or |n〉 → |n+ 1〉
so the eigenstates of H must be in the form of∣∣∣φp,qk,l〉 = ∑
m,n
exp (ipi (km+ ln+mnp/q))up,qk,l (m) |m,n〉
up,qk,l (m+ q) = u
p,q
k,l (m)
3where −q−1 < k ≤ q−1 and −1 < l ≤ 1. Due to the symmetry of H in the other gauge,
∣∣∣φp,qk,l〉 must remain an
eigenstate of the same eigenvalue if is transformed as follows:
∣∣∣φp,qk,l〉→∑
m,n
exp (ipi (k (m+ c) + ln+ 2 (m+ c)np/q −mnp/q))up,qk,l (m+ c) |m,n〉
= exp (ipick)
∑
m,n
exp
(
ipi
(
km+
(
l +
2cp
q
)
n+mnp/q
))
up,qk,l (m+ c) |m,n〉
Thus we obtain q orthogonal states by taking c = 1, 2, ..., q, which means each eigenstate of H is at least q-fold
degenerate.
The symmetries reduce H to a q × q Bloch Hamiltonian hp,q whose eigenstates are up,qk,l .
hp,qm′,m =
∑
r,s
exp
(
−1
2
|zqr+m−m′,s|2 + ipi (k (qr +m−m′) + (l + (m+m′) p/q) s− prs)
)
1 ≤ m,m′ ≤ q
The trace of hp,q has a compact form
Tr (hp,q) =
∑
r,s
exp
(
−1
2
|zqr,s|2 + ipi (kqr + ls− prs)
) q∑
m=1
exp (2ipimsp/q)
= q
∑
r,s
exp
(
−1
2
|zqr,qs|2 + ipiq (kr + ls+ prs)
)
When p < q, according to the degeneracy of the ground states, hp,q must have q − p zero eigenvalues. Therefore,
Tr (hp,q) /p is the average energy of the excited states of given momenta (k, l) for p < q.
When q = 1, we readily obtain
∣∣∣φp,1k,l〉 = ∑
m,n
exp (ipi (km+ ln+mnp)) |m,n〉
and the only entry of hp,1 gives the eigenvalue
hp,1 =
∑
r,s
exp
(
−1
2
|zr,s|2 + ipi (kr + ls+ prs)
)
If S = pi, h1,1 vanishes at (k, l) = (1, 1).
From now on, consider only the rectangular lattices. If the cells have aspect ratio ξ, we can use Jacobi θ-functions
θ1 (z, τ) : =
∑
n
exp
(
piiτ (n+ 1/2)
2
+ 2ipi
(
z − 1
2
)
(n+ 1/2)
)
θ2 (z, τ) : =
∑
n
exp
(
piiτ (n+ 1/2)
2
+ 2ipiz (n+ 1/2)
)
θ3 (z, τ) : =
∑
n
exp
(
piiτn2 + 2ipizn
)
θ4 (z, τ) : =
∑
n
exp
(
piiτn2 + 2ipi
(
z − 1
2
)
n
)
4to represent hp,q as follows
hp,qm′,m =
∑
r,s
exp
(
−S
2
(
ξ (qr +m−m′)2 + ξ−1s2
)
+ ipi (k (qr +m−m′) + (l + (m+m′) p/q) s− prs)
)
= exp
(
−Sξ (m−m
′)2
2
+ ipik (m−m′)
)
×
∑
r,s
exp
(
−S
2
(
ξq2r2 + ξ−1s2
)
+ 2ipi
(
q (k + iξ (m−m′) p/q)
2
r + (l + (m+m′) p/q)
s
2
− prs
2
))
= exp
(
−Sξ (m−m
′)2
2
+ ipik (m−m′)
)
×
∑
r,s
exp
(
−S
2
(
ξq2r2 + 4ξ−1s2
)
+ 2ipi
(
q (k + iξ (m−m′) p/q)
2
r + (l + (m+m′) p/q) s
))
+ exp
(
−S
2
(
ξq2r2 + 4ξ−1
(
s+
1
2
)2)
+ 2ipi
(
q (k + iξ (m−m′) p/q)− p
2
r + (l + (m+m′) p/q)
(
s+
1
2
)))
= exp
(
−Sξ (m−m
′)2
2
+ ipik (m−m′)
) ∑
χ=0,1
θ3+χ(pmod 2) (z1, τ1) θ3−χ (z2, τ2)
where
τ1 :=
ipqξ
2
, τ2 :=
2ip
qξ
, z1 :=
qk
2
+
(m−m′) τ1
q
, z2 := l +
(m+m′) p
q
Especially, when q = 2 (hence p must be odd), we have
hp,2m′,m = exp
(
−ppiξ (m−m
′)2
4
+ ipik (m−m′)
)
×
 θ3
(
k +
(m−m′)ipξ
2 , ipξ
)
θ3
(
l +
(m+m′)p
2 , ipξ
−1
)
+θ4
(
k +
(m−m′)ipξ
2 , ipξ
)
θ2
(
l +
(m+m′)p
2 , ipξ
−1
)

or equivalently
hp,2 = θ3 (k, ipξ) θ3
(
l, ipξ−1
)− σ(3)θ4 (k, ipξ) θ2 (l, ipξ−1)
+σ(1)θ2 (k, ipξ) θ4
(
l, ipξ−1
)
+ σ(2) (−1) p+12 θ1 (k, ipξ) θ1
(
l, ipξ−1
)
where σ’s are Pauli matrices. Apparently, the eigenvalues λp,2± of h
p,2 are
λp,2± = θ3 (k, ipξ) θ3
(
l, ipξ−1
)
±
√
θ22 (k, ipξ) θ
2
4 (l, ipξ
−1) + θ24 (k, ipξ) θ
2
2 (l, ipξ
−1) + θ21 (k, ipξ) θ
2
1 (l, ipξ
−1)
The completeness of coherent states guarantees λ1,2− = 0, so λ
1,2
+ = 2θ3 (k, iξ) θ3
(
l, iξ−1
)
.
In order to verify λ1,q− = 0, we will show that h
1,q is a rank-1 matrix. Now p = 1, τ1 = −τ−12 , so we can use Jacobi
identities
θ3+χ
(
z
τ
,−1
τ
)
= (−iτ)1/2 exp (ipiz2/τ) θ3−χ (z, τ) , χ = 0,±1
to recast h1,q as follows
h1,qm′,m = (−iτ2)1/2 exp
(
−Sξ (m−m
′)2
2
+ ipik (m−m′) + ipiz21τ2
) ∑
χ=0,1
θ3−χ (z1τ2) θ3−χ (z2)
5where we have omitted the second argument τ2 of the θ-functions. Define
Rm,m′ := (−iτ2)−1 exp
(
Sξ (m−m′)2 − 2ipi (k (m−m′) + z21τ2))(h1,qm′,mh1,qm′+1,m+1 − h1,qm′+1,mh1,qm′,m+1)
R ≡ 0 iff h1,q is rank-1. Representing h1,q by θ-functions, we get
Rm,m′ =
∑
χ,χ′
θ3−χ (z1τ2) θ3−χ (z2) θ3−χ′ (z1τ2) θ3−χ′
(
z2 +
2
q
)
−θ3−χ
(
z1τ2 +
1
q
)
θ3−χ
(
z2 +
1
q
)
θ3−χ′
(
z1τ2 − 1
q
)
θ3−χ′
(
z2 +
1
q
)
To proceed, we need the sum rules of θ-functions.
θ2 (v + w) θ2 (v − w) θ2 (x+ y) θ2 (x− y)− θ2 (x+ w) θ2 (x− w) θ2 (v + y) θ2 (v − y)
= θ1 (v + x) θ1 (v − x) θ1 (y + w) θ1 (y − w)
θ3 (v + w) θ3 (v − w) θ3 (x+ y) θ3 (x− y)− θ3 (x+ w) θ3 (x− w) θ3 (v + y) θ3 (v − y)
= −θ1 (v + x) θ1 (v − x) θ1 (y + w) θ1 (y − w)
θ2 (v + w) θ3 (v − w) θ3 (x+ y) θ2 (x− y)− θ2 (x+ w) θ3 (x− w) θ3 (v + y) θ2 (v − y)
= −θ4 (v + x) θ1 (v − x) θ1 (y + w) θ4 (y − w)
If we take
v = z1τ2 , w = 0 , x = z2 +
1
q
, y =
1
q
then
Rm,m′ =
∑
χ,χ′=0,1
θ3−χ (v + w) θ3−χ′ (v − w) θ3−χ′ (x+ y) θ3−χ (x− y)
−θ3−χ′ (x+ w) θ3−χ (x− w) θ3−χ (v + y) θ3−χ′ (v − y)
= 0
So we have proved that, for rectangular lattice with aspect ratio ξ, h1,q has only one positive eigenvalue given by the
trace:
Tr
(
h1,q
)
= q
∑
r,s
exp
(
−1
2
|zqr,qs|2 + ipiq (kr + ls− rs)
)
= q
∑
χ=0,1
θ3+χ(qmod 2)
(
qk
2
,
iqξ
2
)
θ3−χ
(
ql,
2iq
ξ
)
6IV. HALL DYNAMICS OF THE GENERALIZED KAPIT-MUELLER MODEL ON A FINITE SQUARE
LATTICE
We numerically study the time evolution of a zero-energy localized state of the generalized Kapit-Mueller model
after applying a linear potential. We initially prepare a wavepacket in the zero-energy ground band localized at the
center of an 81 × 81 square lattice. We then add a linear potential, with gradient U , along the y-axis at t = 0, and
the ensuing evolution of the wavepacket is depicted in Fig. S1. Fig. S1(a) show the snapshots of density profiles at
various times. The three columns correspond to S = pi/4, pi/2 and 3pi/4 from left to right. One can see that the
wavepacket disperses and moves along the x-axis, perpendicular to the direction of the linear potential. The evolution
of the center position x¯ along the x-axis is plotted in the left panel of Fig. S1(b). x¯ is almost perfectly linear in time,
which results from the very accurate quantization of the Hall conductivity. We can readily extract the Hall velocities,
vH = 5×10−4, 7.5×10−4, 1.5×10−3 respectively. The Hall conductivity, given by vH(1−S/pi)/U , is equal to 1 with
a relative standard deviation on the order 10−7 for all three cases. As the wavepacket moves, it also disperses along
the x-axis (but not along the y-axis). The right panel of Fig. S1(b) displays the evolution of the half width σ along
the x-axis. The slower the wavepacket moves, the faster it disperses. Note that the LLL wavepacket is non-dispersive
under a similar situation. In Fig. S1(c), we also display the evolution of a localized wavepacket for S = 5pi/4. In
this case, the wavepacket disperses fast in both directions, in stark contrast against the situation depicted in Fig. S1
where S < pi.
FIG. S1. (Color online) (a) Evolution of the density profile of a wavepacket on an L × L = 81 × 81 square lattices with a
linear potential along the y-axis with gradient U . The evolution operator is given by exp{−2piit(GS + Uy)}, where we take
U = 3.75 × 10−4. The positions x and y are renormalized by the lattice constant. The initial wavepacket is obtained by
projecting a completely localized state to the lowest (zero-energy) band. t0 = 5000. (b) The evolution of the central position
x¯ and the half width σ along the x direction of the wavepacket in (a). (c) The same evolution as that in (a) except that now
S = 5pi/4 such that the lowest band is not a flat band.
